This paper presents a method for analysis of strain localization problems which is supported by the thermodynamics of irreversible processes. Stability and bifurcation criteria and a generalized localization analysis method are discussed at the level of structural mechanics.
ANALYSIS
The theoretical description of strain localization is reviewed in an early work 6). In this study,
Hill has presented equations for stationary wave in a solid; for vanishing wave velocity, these are interpreted as a condition for shear band localization. Hill strongly affect localization; see also reference9) .
To make it possible to follow material behavior into the post-localization range, a number of numerical methods have been provided. For example, (a) nonlocal models in which either stress or strain is defined as an integral value of the other over a finite material domain (integral limiter) 10) (b) strain gradient models in which strain is defined in terms of derivatives of order higher than one (gradient limiter) 11),12) (c) generalized continuum theories in which an internal material length is originally introduced by considering micro-structures in the material, such as the Cosserat continuum theory.
(d) modeling materials with rate-dependent constitutive relation (rate limiter) 13),14)
(e) limiting the minimum size of finite elements by considering the fact that constitutive relations are originally obtained by observation of relations between macroscopic quantities in finite size specimens 15),16) (f) providing a material model with a descending gradient of stress-strain relation in the post-peak regime as a function of mesh size, such as strain softening materials.
See also references17),ls). These theoretical studies clarified which features of the constitutive relation locally initiate strain localization; the numerical techniques enabled us to analyze the regime of localization phenomena after initiation of localization, possibly with a help of assumed imperfections either in the boundary conditions or in the material properties.
In addition to the approaches based on constitutive modeling, there are also models which are based on micro-mechanics. Shi and Horii 19) showed that a physical mechanism of localization arises by introducing interaction effects among micro defects during evolution of the micro defects. Okui and Horii 20) investigated a cracking localization phenomenon in a rock mass by taking into account the interaction effects of discrete micro defects by introducing a pseudo-traction. In their study, it was revealed that the non-local constitutive equation can be derived by considering micro-mechanical behavior and, more over, that a localization mode observed in a rock mass under triaxial loading is one of many possible mechanical equilibrium solutions for the boundary value problem.
Now that it has been demonstrated that localization phenomena can be represented beyond bifurcation by eliminating the loss of ellipticity of constitutive equation in some way, and that a localization mode is one of many possible solutions of a boundary value problem, our principal objective in this paper is to describe a criterion which determines a localization mode in a structural element without introduction of imperfections. In the next section, an elementary boundary value problem is solved to demonstrate the difficulty of finding a post localization path and it is further discussed from thermodynamical point of view in the third section. To clarify the general criterion for localization of deformation in a structure, the thermodynamic theory of irreversible processes 21) is introduced. The method is illustrated by a simple example of one-dimensional cracking localization in the fourth section, and 'cracking localization phenomena in a concrete beam are analyzed as a practical example.
DIFFICULTY OF SOLVING A CRACK LOCALIZATION PROB-LEM
In this section, the discussion is made for a simple crack opening problem with two crack elements as an example, mainly to describe the general difficulty of solving crack localization problem.
(1) Model Definition and Equilibrium Solution
Let us consider a model with two crack elements which is connected by a single spring element with spring constant k as shown in Fig,2 where u is a prescribed displacement while al and a2 are the crack opening displacement of the crack elements. For simplicity, it is supposed that the crack elements starts opening when the applied force f reaches the capacity f , and that the resistance force changes as a linear function of crack opening displacement a with modules a, 64(188s) as shown in Fig.3: f (a) = fc + aa.
(
The crack opening displacement a is a monotonically increasing function and its increment is supposed to be non-negative. When a is negative, the crack element shows a softening behavior. As shown in Fig.3 , this crack element has an opportunity to choose either loading or unloading path everywhere along the loading path as the applied force decreases: one is to follow the solid line, loading path, and another is to follow the dashed line, unloading path. Our problem is to find a stable path of {al, a2} for a prescribed displacement u at loading point. The given displacement u is assumed to be monotonically increasing at constant speed. Before reaching a crack opening criteria, u < f e/k, the system behaves as though a single spring element. For simplicity, a loading parameter A by which the prescribed displacement u is expressed: (2) is introduced. In quasi-static equilibrium, momentum conservation requires that the net force on each crack must vanish; thus accordingly, for
It follows by substituting eq. (1) that (5) which represents a distributed crack opening mode.
(2) Stability of Equilibrium Solution Let us consider the stability of the solution. A stability of equilibrium state is determined by a work required to make a small perturbation, that is, if the system is stable an external work has to be applied to make small change and the work is positive, otherwise a small perturbation will make energy flow from an internal system to an external system and the work becomes negative.
In this simple case of crack elements the work is defined as OW = aba2 + aba2 + k(5ai + ba2)2 (6) Hence, if a < 0 the work LiW is always positive and the system is stable all the time, on the contrary, if a > 0 the work can be negative for certain combination of ai so that the system becomes unstable and a small disturbance will grow naturally. However, from this discussion one can not determine which combination would be the optimum, that is, in the reality what happens when the equilibrium stability condition fails.
(3) Engineering Problem
As shown in the previous sections, a crack opening behavior of crack elements can be solved and the stability of the solution can be examined within the framework of the quasi-statical thermodynamics, and thus the onset of crack localization can be predicted from the discussion. However, what we, engineers, are really interested in is a behavior of a structure in a post localization process, because of the fact that without knowing the behavior at post localization it is almost impossible to predict a stability and a strength of a structure. In order to determine the post localization process, the classical stability condition of the thermodynamics of reversible process, in which only the stability of a state is concerned, is not sufficient. In the following sections, we will discuss the procedure to find a optimum solution for the post localization process.
APPROACH FROM THERMO-DYNAMICS
To provide a basis for later discussion, the essential features of the thermodynamics of continuous media are recalled in this section.
(1) Basic assumptions Throughout this paper, all discussion is based on the following assumptions:
(a) quasi-static rate-independent elastoplasticity process, (b) small perturbation hypothesis, (c) principle of local equilibrium (existence of entropy and free energy density), and
(2) Thermodynamics of Local Equilibrium Suppose a mechanical system is in an equilibrium state, in which a body force f and a traction t are acting on the system and the specific entropy, internal energy, and Helmholtz free energy are denoted by s, e, and cp, respectively. The first and second laws of thermodynamics can be stated as:
where 
where, in analogy with the discussion by Nguyen 23), u and a are a displacement with respect to the reference configuration and an internal variable 22) which represents an irreversible process, respectively. The associated stress and the associated thermodynamic force or affinity are defined by (15) From egn. (7), (8), (11), (13) , and (14), the GibbsDuhem inequality becomes
Because the temperature is assumed to be uniform in our system, the inequality becomes i=Ahg>0.
where a is the local entropy production rate. This final inequality means that, for an irreversible mechanical process, the dissipation must always be positive.
(3) Stability of Irreversible Process Under the assumption of local equilibrium, an irreversible process must satisfy the local equilibrium stability condition and the Lyapounov stability condition21). The Lyapounov stability condition is the condition which should be satisfied for a state function of a stable system, the sign of which is fixed to either positive or negative. That is, suppose one can define a state function P which is always positive, the Lyapounov stability condition is (18) The local equilibrium stability condition is specified by Sts < 0 (19) or, in global form, aL2sdv=2s< ao (20) where S2 denotes second order differential. By applying the Lyapounov stability condition to the entropy production rate, it follows that (21) or, because of eqn. (17),
The global form of the inequality is (23) where
If a certain process for a mechanical system is completely characterized by (uti,, a), the local equilibrium stability condition eqn. (19) is explicitly written as (25) where and Sa denote arbitrary perturbations from the current state which is represented by a). This inequality must be satisfied for any process, either equilibrium or nonequilibrium. The Lyapounov stability condition eqn. (23) which is identically satisfied as long as egn. (25) applies.
GENERAL FRAMEWORK
Our objective of the paper is to present a way to determine the evolution of deformation or damage in the course of failure of structures, especially when a homogeneous process becomes unstable. In this section, we will discuss the evolution law of irreversible process at the level of structural mechanics, and strain localization process in a structure is, further, described.
(1) Evolution of Irreversible Process
The concept of deformation of the structure is generalized to represent the process in which the displacement u(t) and the internal variable a(t) are controlled, so that both the condition of local equilibrium and the Lyapunov stability condition are satisfied at each instance of time t for a prescribed boundary displacement a(t). The total free energy and and the entropy production rate P for the system are defined by = l pcpdV -I p f. udV -l t. ud434)
where (ss) which represents a governing equation for the plastic deformation. Following the discussion of Nguyen 23) , if the total free energy is a positive definite functional of the displacement u, so that the system is geometrically stable, then the mechanical equilibrium condition provides a solution for u in the form of a functional of the internal variable a and the imposed boundary displacement A, represented by u = u(a, A)
It follows that the total free energy 4(u, a, A) can be re-interpreted as a functional of internal variable and imposed boundary loading, that is, I*(a, A) 4 (u(a, A), a, A) (40) is introduced, the result (39) implies that I(q) is minimum when q = a, the actual rate of change of the internal variable. The Lyapunov stability condition for the process is obtained by assuming the validity of the Onsager reciprocity condition which, in this case, implies that < 0
which is satisfied as long as eqn. (39) is satisfied. This simple outcome is perhaps the reason why the study of the thermodynamics of irreversible processes is focused mainly on nonlinear phenomenon. Hence, it is concluded that, if a structure is geometrically stable, an irreversible deformation of the structure should be the process which minimize the functional 1(a), and that such a process is always stable as far as the Onsager reciprocity relation can be applied.
(2) Bifurcation: strain localization in structure In the present paper, a strain localization is considered as the process in which a homogeneous 68(192s) deformation becomes unstable and a localized deformation is selected as a stable path.
During a certain process, if the functional 1(a) is positive definite for any a, then the solution which makes 1(a) minimum is unique, and hence the process of the system is simply defined by (42) which is so-called fundamental solution of the system, and is considered as a homogeneous defromation. However, 1(a) can lose the positive definiteness under a certain condition, and when the functional 1(a) is not positive definite, the uniqueness of the solution which makes 1(a) minimum is no longer guaranteed, and a bifurcation is supposed to take place. This state is considered as an onset of a strain localization. After the fundamental solution of a system becomes unstable, the process will folllow one of the possible paths which make I(a) locally minimum. Of course, if the minima of I does not exist for the admissible a of our assumption, then the system will lose stability in a dynamic manner, which is beyond the scope of our approach, otherwise such a bifurcation path is always stable as far as the Onsager reciprocity relation can be applied.
Note: Within the assumptions adopted by the present paper, the solution might be equivalent to what can be derived by the simplified abstract formulation 23), which adapts the maximum dissipation priciple as the fundamental concept, because of the fact that the Onsager reciprocity leads one of the stability conditions of the non-equilibrium thermodynamics to the same principle, as shown in eqn. (31). More over, since our discusion has been limited to the process which is very close to the global equilibrium, the final criteria for the localization and the stability of the bifurcation path has the identical form with the theory of stability of inelastic structure 26), which is based on the classical thermodynamics of equilibrium. However, further discussion of stability of more general irreversible process, such as rate-dependent plasticity, might be done only from the view point described in this paper, but not from the simplified abstract formulation nor from the classical thermodynamics of equilibrium.
ONE DIMENSIONAL EXAMPLE WITH CRACK ELEMENTS
In this section cracking localization phenomena in one dimensional model is examined with the method described in the last section. The same two-crack problem as the one which is described in section 2 is solved.
(1) Cracking Localization Analysis For the two-crack model, the plastic potential 27), which represents the reversible energy stored by modification of the internal structure, is given by sp(a) = 1 aa2 (43) Then, the free energy of the structure is given by 
Since the eigenvalue of the second derivative of the functional I is 2k + a and a, the fundamental solution is stable only if a > 0, otherwise the system may have two different solutions (-k < a < 0) or be completely unstable (a < -k). When -k < a < 0, the minima of I is either (d1, d2)
, that is, either left or right crack will be activated. These solutions correspond to the localized solution of the system.
PRACTICAL EXAMPLE: CRACKING LOCAL-IZATION IN CONCRETE BEAM
In this section, more general cracking localization phenomena in concrete structures is examined. 69(193s) (1) Simple model of concrete For simplicity, nonlinear behavior of material is ignored, so that a crack opening displacement is the only source for nonlinearity of a structure behavior, in this problem. Cracks are initiated when a maximum tensile stress exceeds the tensile strength a, and the crack opening displacement is controlled by a certain tensile-softening relation. In this paper, a simplified DugdaleBarenblatt type model is adopted. As shown in Fig.4 by a solid line, a tensile stress transmitted across a single crack is assumed to be a linear function of crack opening displacement a, in which the softening modulus is a. A crack closure in elastic unloading is ignored for simplicity, that is, when a crack is under unloading condition, the transmitted stress across the crack decreases without any change of crack opening displacement, as shown in Fig.4 by a dotted line.
(2) Finite Element Formulation
In the FEM analysis, cracks are assumed to have enough length to cut one element into two. The crack initiation criteria and the tensionsoftening relation are examined with a stress state at the nearest gauss point from the crack. 
where N,(x) are the isoparametric quadrilateral shape functions for 4-node element, the number of whose nodes is counted counter-clockwise from the node (-1, -1) in the local coodinate system (, (). In the shape functions, the displacement jump is assumed to be constant along the crack. When the maximum tensile stress reaches the tensile strength, a crack is embedded in the direction perpendicular to the maximum tensile stress as shown in Fig.6 . The tensile softening relationship shown in Fig.4 is assumed between normal stress and normal opening displacement across a crack. For simplicity shear deformation along the crack is constrained to zero. The displacement field ue (x) is interpolated as
in which u and a are the nodal displacement and crack opening displacement of each crack, respectively, and N and NC are the shape functions for nodal displacement u and crack opening displacement a, respectively. Strain field is given as
where (52)
for a small displacement. Since the increment of crack opening displacement is assumed to be non-negative, they represent purely irreversible variables. On the other hand, all degrees of freedom corresponding to the nodal displacement contribute as components of the reversible variables. 
The stability of the fundamental solution is examined by checking the eigenvalue of the Hessian matrix K*.
In the present FEM analysis, the eigenvalues of the Hessian matrix K* are evaluated at every time step. When at least one of the eigenvalues becomes negative, the fundamental solution is judged to be unstable, then the program tries to find a point which makes the functional 1(a) minimum. In this study, modified Downhill-Simplex 30) method, in which all the as are suppressed to be positive in each incremental modification of a simplex, is introduced to solve this optimization problem.
(4) Four-point bending test
The numerical simulation of crack localization phenomena is carried out for a rectangular beam without any notch as shown in Fig.7 , in which L1:L2:L3:D=10:5.10:3. Plane strain conditions are assumed. The beam is supported by hinge at the left bottom corner and roller at the right bottom conner. The beam is supposed to be loaded downward simultaneously at two points near the center of the beam from the top so that approximately constant moment distribution can be observed between the two loading points. The loading is done by displacement control. The finite element discretization is based on bilinear displacement rectangular elements as shown in Fig.8 .
Two types of numerical computations were conducted: 1) with localization judgment and 2) without localization judgment. Fig.9 and Fig. 10 show the history of crack initiation and propagation in the analysis with and without localization judgment. The lines with arrows inside each element represent the orientation and the amount of crack opening displacements (incremental) in a certain increment. It is observed that, in the simulation with localization judgment, distributed crack openings gradually concentrate into several crack paths and, in the final stage of the calculation, crack opening displacements are observed in only two crack paths. While in the computation without localization analysis, the result just follows the fundamental solutions and crack opening displacements remains distributed. What is more remarkable aspect of cracking pattern clarified in the numerical simulation is that, even in the loading step in which whole structure shows hardening, cracking localization occurs, and that all the cracks which are selected to be stable in a certain increment will not always be activated after the increment, that is, the cracking pattern often changes in the course of loading.
CONCLUSION
In the present paper, an analytical and numerical method for strain localization in a structural level is presented. The evolution law of irreversible process has been given from the thermodynamics of irreversible process, within the concept of the Onsager's theory. Localization problem for rate-independent elastoplasticity is shown to be a minimization problem of second order differential of total entropy, which is defined in the 
